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Abstract
We consider a democratic-type mass matrix given at the right-handed neutrino mass
scale (MR) and examine the stability of the predictions when the energy scale is changed
to the weak scale (mZ). For many cases, the predictions are stable. However, when
masses of 1st and 2nd mass eigenstates are almost equal and have the same sign, the
solar neutrino mixing angle becomes unstable. In particular, we examine the possibility
that the small angle MSW solution for the solar neutrino mixing is realized at mZ , while






In our recent papers[1],[2], we proposed the democratic-type mass matrix which contains







where θ23 and δ are the mixing angle between the mass eigenstates, ν2 and ν3, and the
CP violation phase, in the parameterization of the mixing matrix given in the particle
data group[3] (see the matrix given in the Appendix A).
If we take the CHOOZ bound[4], jV13j < 0.16 or j sin θ13j < 0.16, we nd almost
maximum atmospheric neutrino mixing,
sin2 2θatm = 4jV23j2(1− jV23j2) = 1− sin4 θ13 > 0.999 , (2)
where V is the neutrino mixing matrix. If the experimental data turns out to show that
sin2 2θatm is really close to unity, our model will become a good candidate. Another
special feature of the model is the prediction of the value of the CP violation phase.
Both Dirac CP phase (δ) and Majorana CP phases[5] are predicted[1]. In particular, the
maximal value of the CP violation phase δ is predicted. Our prediction gives the great
encouragement for experiments to measure the CP violation in the oscillation processes[6]
in the near future. The theoretical study has become an urgent topic.
In Ref.2, we made a further investigation on the democratic-type mass matrix. We
constructed Z3 invariant Lagrangian with two or three up-type Higgs doublets and derived
the democratic-type mass matrix by using the see-saw mechanism. We also considered
one up-type Higgs model. By considering the Z3 symmetric Lagrangian together with
the Z2 invariant Z3 breaking terms, we found the further prediction,
j tan θ12j =
√
2− 3 sin2 θ13 , (3)
which we shall explain in the next section. By using the CHOOZ bound, this relation
leads to




In Refs.1 and 2, we assumed that the above predictions are valid at the weak scale mZ ,
although the neutrino mass matrix is assumed to be dened at the right-handed neutrino
mass scale MR. For some simple real mass matrices, the stability of mixing angles under
the change of energy scale has been discussed[7-9]. According to their result, in many
occasions, the predictions at mZ are essentially the same as those at MR. In some special
cases where m1 ’ m2, the prediction of sin2 2θsol becomes unstable. That is, the predicted
large value of sin2 2θsol at MR becomes the small value at mZ .
The purpose of this paper is to examine the stability of our predictions. In particular,
we are interested in the stability of the solar neutrino mixing. We seek the possibility
that the large solar neutrino mixing at MR becomes small enough to be consistent with
the small angle MSW solution at mZ , while the other predictions are remained valid.
In Sec.2, we briefly explain our model. In Sec.3, we analytically examine the renor-
malization eect on the neutrino mass matrix and the eect to our predictions. The
numerical analysis to supplement the discussions in Sec.3 is given in Sec.4. In Sec.5, the
summary is given.
2 The model
We consider the following dimension ve Lagrangian in the mass eigenstate basis of
charged leptons[2]






where ~m1 and m
0
1 are real parameters, and uu is the vacuum expectation value of the
neutral component of the doublet Higgs Hu. This Lagrangian is invariant under the Z3
transformation
Ψ1 ! ωΨ1 , Ψ2 ! ω2Ψ2 , Ψ3 ! Ψ3 , Hu ! ω2Hu , (6)















(`e + `µ + `τ ) . (7)
The Z3 transformation for Ψi is induced by the cyclic permutation among `i, which are
the left-handed lepton doublets dened by `e = (νeL, eL)
T and so on.
Then, we introduce the Z3 symmetry breaking term, but it preserves the Z2 symmetry
Ψ1 ! −Ψ1 , (8)








After Hu acquires the vacuum expectation value, the neutrino mass term is derived. In






































where ω is the element of Z3 symmetry and we take ω = exp(i2pi/3), i.e., ω
3 = 1. We
consider that this mass matrix is given at the right-handed mass scale MR.





























































with − = (m03 −m02)/2.
It should be noted that predictions in Eqs.(1) and (3) are derived from V2. The phase
in diag(1,−1, i) represents the Majorana phase, while the phases in diag(1, ω, ω2) are the
irrelevant phases which are absorbed by the charged lepton elds.
From our later analysis, there is essentially no eect to V13. As a result, we can impose
the CHOOZ bound, jV13j < 0.16 at mZ . We nd
js0j < 0.2 . (13)






3 ) and their masses are
mR1 = m
0
1 + ~m1 ,
mR2 = m
0














3 are parameters for the symmetry
breaking terms, we expect that ~m1 >> jm02j, jm03j. Then, we nd mR2 > 0 and mR3 < 0.





(or m03) control the mass of m
R




3 , while the
parameter − = (m03 −m02)/2 does the size of V13.
3 The renormalization group analysis
We consider the renormalization group eect on the dimension ve interaction in Eqs.(5)
and (9) in the MSSM model.
(3-1) Neutrino mass matrix at mZ
In the basis where charged lepton mass matrix is diagonal and thus the Yukawa
coupling matrix which induces masses of charged leptons is diagonal, the neutrino mass








































(i = e, µ, τ), (16)
with the Yukawa coupling for charged leptons yi and A = (Ie/Iτ )(mν33(MR)/mν33(mZ)).
After absorbing A into the overall normalization of parameters in mν(MR) and by




































< 1 . (19)
Here we neglect the radiative correction on yτ , and mτ is the τ lepton mass, v
2 = u2u +u
2
d
and tanβ = uu/ud with ui being the vacuum expectation value of MSSM Higgs doublet
< Hi > (i = u, d).
Now we dene the small parameter  = 1−α. In order to estimate the value of , we
consider the right-handed mass scale MR and the region of tanβ as
MR = 10
13(GeV) , 2 < tan β < 60 . (20)
Then, with mZ = 91.187(GeV), mτ = 1.777(GeV) and v = 245.4(GeV), we nd
8 10−4 <  < 6 10−2 . (21)
(3-2) The diagonalization
By transforming mν(mZ) in Eq.(18) by V2, we nd



















= (1− ST )DRν (1− S) , (22)
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where DRν = V
T















































where s0 and c0 are given in Eq.(12), and a, b and phases φi are dened by
a =
p







3 tan θ0 , tanφ2 =
1p
3
tan θ0 . (24)






































i(φ1−φ2) −mR3 e−i(φ1−φ2)) . (26)
(3-3) The general discussion on the stability
Hereafter, we do not discuss the fully degenerate case, jmR1 j ’ jmR2 j ’ jmR3 j, because
this case is quite unstable and it is hard to have the denite predictions. Therefore,
we focus our discussions on hierarchical cases; (a) jmR3 j >> jmR2 j >> jmR1 j or jmR3 j >>
jmR1 j >> jmR2 j and (b) jmR1 j ’ jmR2 j >> jmR3 j or jmR3 j >> jmR2 j ’ jmR1 j.
The case (a): The fully hierarchical case
With the use of the analogy of the analysis by Haba et al., we expect that all mixing
angles and the CP violation phase are essentially unchanged by the scale change from MR
to mZ . This may be simply understood by the consideration that the see-saw mechanism
can be used to evaluate the mixings and the neutrino masses, and thus the eect is
suppressed by the order of . We checked this result by the numerical computations also.
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The case (b): The hierarchical case with jmR1 j ’ jmR2 j
The situation is slightly complicated in comparison with the case (a), because of
the degeneracy jmR1 j ’ jmR2 j. Firstly, we notice that the o diagonal terms are much
small than ( ~mν)33, or j( ~mν)11j ’ j( ~mν)22j. Therefore, we can use the see-saw calculation
between (νR1 , ν
R
2 ) and ν
R
3 , where ν
R
i are mass eigenstates at MR. That is, we can safely
neglect the contributions from p and q terms in the matrix and thus we do not need to
consider the mixing between (νR1 , ν
R
2 ) and ν
R
3 .
Now, the element Vi3 and V3i (i = 1, 2, 3) at MR is still valid at mZ . That is,
Vi3 = (V2)i3 and V3i = (V2)3i. As a result, the prediction of sin
2 2θatm > 0.999 in Eq.(2)
and the CHOOZ constraint, js13j < 0.16 are valid at mZ .
The situation changes depending on the relative sign between mR1 and m
R
2 .
(b-1) The case where mR1 < 0 and m
R
2 > 0
We denote the submatrix for (νR1 , ν
R
2 ) as ~m
0
ν with the approximation a ’ 1 because
s02 < 0.04 is small,
~m0ν ’











































































2 sin2 φ1 , (30)
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and m2 ’ mR2 .
The mixing matrix at mZ is now obtained by multiplying this matrix to V2 in Eq.(11).













aside from the irrelevant phases. By neglecting the small s02 < 0.04, we have c0 = 1 and
thus we nd
sin2 2θsol ’ 8
9




which takes a value from 8/9 to 1 independent of the mixing angle θ. This is due to the
phase matrix diag(1,−i) in Eq.(29).
By the transformation of the matrix in Eq.(29), the CP violation phase δ changes,
due to the phase matrix diag(1,−i). The eect is examined by considering the Jarlskog
parameter which takes the value as





js0c0(c2 − s2)j , (33)
and we nd








At MR, θ = 0 and thus j sin δj = 1. However, δ is rather unstable and it could become
small when the energy scale is changed to mZ . In particular, for  = /3, tan θ = 1 and
thus we nd sin δ = 0. On the other hand, if  >>  or  < 0, the large CP violation
phase j sin δj  1 is realized.
Finally, we nd







2 sin2 φ1 , (35)
which depends on m2 and . Therefore, we can reproduce all three mass squared dif-
ferences for the large angle MSW, the LOW mass and the Just so (Vacuum) solutions.
8
For example, when jj >> , we nd 2sol ’ 2m22 ’ (2sol)MR, where the value at MR,
(2sol)MR is a free parameter that we can choose as an input.
(b-2) The case where mR1 > 0 and m
R
2 > 0
In order to simplify the calculation and to see the essence of the analysis, we neglect
the term s02 < 0.04. Thus we take a = b = 1 and cosφ1 = 1. Then, the submatrix
relevant to νR1 and ν
R
2 is given by
~m0ν ’









































































where N is the normalization factor.
Now we multiply the above matrix to V2. Aside from the unimportant phase and by























































Firstly, since the mass matrix in Eq.(36) is real matrix, the CP violation phase δ are
stable and takes δ = pi/2 at mZ . Needless to say, the atmospheric neutrino mixing and
s13 are stable.
(i) The stable sin2 2θsol
We focus on the solar neutrino mixing. From Eq.(41), we see that if jj >> ,
sin2 2θsol ’ 8/9. For  > 0, this condition is relaxed to the condition  > 3/2, where
sin2 2θsol ’ 8/9 is realized.
(ii) The unstable sin2 2θsol
Now we consider the possibility to obtain the small solar neutrino mixing. We observe
that sin2 2θsol ! 0 as  ! 0. This implies that sin2 2θsol takes small values for  << ,
while it has large value for  > . Therefore, we have to consider  << . Then, we can
expand sin2 2θsol in terms of the small parameter / and obtain







By requiring sin2 2θsol ’ 10−2, we nd jj  110. There are two possibilities,  > 0 and
 < 0. Here, we consider the possibility, νe ’ ν1, i.e., we require that V12 takes the small
value. As we can see from Eq.(40), we have to take  > 0. Then, from Eq.(37) with
mR2 ’ m2,








When the energy scale runs from MR to mZ ,  = 1 − α increases monotonously, as we
can see from Eq.(19). As  increases, the dierence m1 −m2 decreases gradually until 
reaches to /3 and then increases rapidly after passing through /3.
We summarize the parameters,
 ’ 1
10
 , m1 −m2 ’ m2 . (44)
This means that the mass splitting between m1 and m2 at mZ increases about 10 times
in comparison with that at MR. We also have
10
2sol = jm22 −m21j ’ 2m22 . (45)
For mR1 ’ mR2 >> jmR3 j, we nd 2atm = jm23−m22j ’ m22, i.e., m2 ’
√
2atm and m1 ’
(1+)m2 and  ’ 2sol/(22atm). If we take 2sol = 710−6eV2 and 2atm = 3.510−3eV2,
we nd   10−3. The mass jm3j(<< m2) is not determined. This situation is realized
for the small tan β  8.
For mR1 ’ mR2 << jmR3 j, m3 ’
√
2atm and the mass m2 is not xed. Only constraint is
from  ’ 2sol/(2m22). Of course, in this case, there is a constraint  ’ (m1−m2)/m2 << 1
and also
√
2sol << m2 ’
√
2sol/(2). This constraint is satised for the wide range of
values of  which could be as large as 1/10. Therefore this situation is realized when
4 < tan β < 60.
4 Examples -Numerical analysis-





3. Since for the wide range of parameter region, the same
predictions of mixing angles and the CP violation phase as those at MR are obtained at
mZ , we exhibit examples only for the case where the small angle MSW solution for the
solar neutrino mixing is realized at mZ .
(1) An example for the case m1 ’ m2 >> jm3j




3) = (0.073, 0.0104, 0.0195)[eV] which give neu-






3 ) = (0.0834000, 0.0833982,−0.0638982)[eV].
In Table 1, we show the input values of various observable, mixing angles, squared
mass dierences and the Dirac CP phase at MR, and those at mZ for various values
of tan β. The solar neutrino mixing parameters
1 10−3 < sin2 2θsol < 2 10−2 ,
4 10−6[eV2] < 2sol < 1 10−5[eV2] , (46)
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are realized if tan β = 4  6. Other parameters, sin θ13, 2atm, sin2 θatm and sin δ
are essentially unchanged. We observed that 2sol at mZ is about ten times as large
as the one at MR, which is consistent with the relation in Eq.(44) and (45).
In Fig.1, we show the energy scale (ln µ) dependence of m21 and m
2
2, for tan β = 4
(solid lines) and tanβ = 6 (dotted lines). Black line (dots) is for m21 and gray line
(dots) is for m22. We observe the monotonous decrease of these mass squared and
their dierence (corresponding to 2sol) increases.
In Fig.2, we show the energy scale dependence of sin2 2θsol for tan β = 4 (solid line)
and for tan β = 6 (dotted line). We observe the drastic decrease (about 100 times
reduction).
(2) An example for the case m1 ’ m2 << jm3j




3) = (0.060,−0.0104,−0.023)[eV] where neutrino






3 ) = (0.0496000, 0.0495921,−0.0725921)[eV].
In Table 2, We show the predictions at MR and those at mZ for various values of
tanβ. From this table, we nd that sin2 2θsol and 
2
sol for the small angle MSW
solution at mZ is realized when tan β = 9  11. Other quantities at mZ are
essentially the same as those at MR. The scale dependence of the mass squared,
m21 and m
2
2, and also sin
2 2θsol are almost the same as those for the case (1) and we
do not show explicitly.
5 Summary and discussions
We considered the stability of the predictions by some special democratic-type neutrino
mass matrix, which has the quite interesting intrinsic predictions as given in Eqs.(1) and
(3). We assumed that this mass matrix is derived at the right-handed mass scale MR by
the see-saw mechanism[2], and then considered the mass matrix at the weak scale mZ
and its predictions by using the renormalization group.
We summarize the result as follows:
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 The case (a): The fully hierarchical case
This is the case where the neutrino masses at MR are either jmR3 j >> jmR1 j >>
jmR2 j or jmR3 j >> jmR2 j >> jmR3 j. In this case, all predictions are stable and the
predictions at MR are valid at mZ .
 The case (b): The hierarchical case with jmR1 j ’ jmR2 j
If mR1 m
R
2 < 0, sin
2 2θatm and sin
2 2θsol are stable, while the CP violation phase
δ becomes unstable depending on the size of the mass dierence at MR,  =
(jmR1 j −mR2 )/mR2 .
If mR1 m
R
2 > 0, sin
2 2θatm and the CP violation phase δ are stable, while sin
2 2θsol is
unstable depending on the size of the mass dierence at MR,  = (jmR1 j−mR2 )/mR2 .
In particular, we explored the possibility of obtaining the small angle MSW solution
at mZ . We found that if the condition in Eq.(44) is satised, the small angle MSW
solution may be realized.
Our model based on the Z3 symmetry gives quite special predictions as given in Eqs.(1)
and (3). We emphasize that our matrix is intrinsically complex matrix and contains the
CP violation phase. In particular, our model predicts the maximal CP violation phase,
which is in contrast to most of works where the real neutrino mass matrices are treated
so that the prediction for the CP violation phase is out of reach. The prediction for the
CP violation phase in the neutrino mass matrix will become a quite important topic in
view of the near future projects to observe the neutrino oscillations, for example, in the
muon factory.
It is our belief that Z3 symmetry is not only useful for describing the neutrino mass
matrix, but also for the quark mass matrix. The work in this direction will be interesting,
because we would like to embed the Z3 symmetry in the grand unication scheme.
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(a) The standard parameterization of the mixing matrix






−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 . (A.1)
(b) Diagonalization of mν(MR) in Eq.(10)
Here, we diagonalize the neutrino mass matrix at MR and thus the predictions are
given at MR. In order to clarify the property of the democratic-type mass matrix, we











where ω = ei2pi/3 (ω3 = 1) and the result is
V TT mν(MR)VT =


























T mν(MR)VT O1 =


m01 + ~m1 0 0
0 ~m1 + m
0
2 + − −
0 − − ~m1 + m02 + −

 . (A.5)

















































where s0 and c0 are dened by Eq.(12). Now the mixing matrix is given by V = VT O1O2
which is given in Eq.(11).
Below, we give some special cases.
(b-1) The m03 = m
0
2 case
We have s0 = 0 and c0 = 1 and the mixing matrix is now V = V1. Then, the model
predicts





There is no CP violation Dirac phase.
(b-2) The m02 = 0 case






, sin2 2θatm =
4
9







jm3/m2j  2. If β is close to 2, we have the large solar neutrino
mixing and also the large atmospheric neutrino mixing.
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2] sin2 2θatm 
2
sol[eV
2] sin2 2θsol sin δ
0.054166 2.8728 10−3 0.99999 2.9442 10−7 0.88498 1
Values at mZ
tanβ sin θ13 
2
atm[eV
2] sin2 2θatm 
2
sol[eV
2] sin2 2θsol sin δ
3 0.054165 2.8728 10−3 0.99998 2.2514 10−6 0.015120 1.0000
4 0.054165 2.8731 10−3 0.99997 3.8732 10−6 0.051049 1.0000
5 0.054164 2.8734 10−3 0.99996 5.9604 10−6 0.0021537 0.99999
6 0.054163 2.8739 10−3 0.99994 8.5078 10−6 0.0010559 0.99997
7 0.054162 2.8744 10−3 0.99991 1.1511 10−5 0.00057611 0.99990
8 0.054161 2.8750 10−3 0.99988 1.4966 10−5 0.00034043 0.99971
9 0.054160 2.8767 10−3 0.99982 1.8868 10−5 0.00021402 0.99926
10 0.054159 2.8764 10−3 0.99975 2.3211 10−5 0.00014142 0.99830
11 0.054157 2.8773 10−3 0.99966 2.7989 10−5 0.000097421 0.99639
12 0.054155 2.8782 10−3 0.99955 3.3196 10−5 0.000069588 0.99286
13 0.054152 2.8792 10−3 0.99940 3.8825 10−5 0.000051384 0.98666


















2] sin2 2θatm 
2
sol[eV
2] sin2 2θsol sin δ
0.077196 2.8071 10−3 0.99996 7.7930 10−7 0.88094 1
Values at mZ
tanβ sin θ13 
2
atm[eV
2] sin2 2θatm 
2
sol[eV
2] sin2 2θsol sin δ
3 0.077196 2.8071 10−3 0.99997 9.2832 10−7 0.62019 1.0000
4 0.077197 2.8053 10−3 0.99998 1.3587 10−6 0.28932 1.0000
5 0.077198 2.8029 10−3 0.99999 2.0215 10−6 0.13057 1.0000
6 0.077199 2.8000 10−3 0.99999 2.8835 10−6 0.064105 1.0000
7 0.077200 2.7965 10−3 1.0000 3.9271 10−6 0.034515 1.0000
8 0.077202 2.7925 10−3 1.0000 5.1444 10−6 0.020083 1.0000
9 0.077204 2.7879 10−3 1.0000 6.5312 10−6 0.012439 0.99999
10 0.077206 2.7828 10−3 0.99999 8.0854 10−6 0.0081007 0.99997
11 0.077208 2.7773 10−3 0.99998 9.8058 10−6 0.0054962 0.99994
12 0.077210 2.7711 10−3 0.99995 1.1691 10−5 0.0038577 0.99987
13 0.077213 2.7645 10−3 0.99992 1.3742 10−5 0.0027859 0.99976












3 ) = (0.0496000, 0.0495921,−0.0725921)[eV].
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[scale=0.7]mass.eps
Figure 1: Energy scale (ln µ) dependence of m21 and m
2
2[eV
2] for the case mR1 ’ mR2 
jmR3 j with values of parameters given in Table 1. Black line (dots) and gray line (dots)
correspond to m21 and m
2
2 for tan β = 4 (tanβ = 6), respectively.
[scale=0.7]angle.eps
Figure 2: Energy scale (ln µ) dependence of sin2 2θsol for the case m
R
1 ’ mR2  jmR3 j with
values of parameters given in Table 1. Solid and dotted curves correspond to tan β = 4
and tanβ = 6, respectively.
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